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ON LINEAR VOLTERRA EQUATIONS
OF PARABOLIC TYPE IN BANACH SPACES

JAN PRUSS

ABSTRACT. Linear integrodifferential equations of Volterra type in a Banach
space are studied in case the main part of the equation generates an analytic
Cop-semigroup. Under very general assumptions it is shown that a resolvent
operator exists and that many of the solution properties of parabolic evolu-
tion equations are inherited. The results are then applied to integro-partial
differential equations of parabolic type.

1. Introduction. Let X be a Banach space and consider the linear initial value
problem

u'(t) / dB(r)u(t—7)+ f(t), t>0,
u(0) = up.

(1)

Here A denotes a closed linear operator with domain D(A) dense in X, {B(t)}+>0
a family of closed linear operators in X with domains D(B(t)) D D(A), which is of
bounded variation in a suitable sense, f € L] (R4, X) and up € X; see §2 for more
details. (1) is an abstract version of the heat equation in materials with memory
(see e.g. Coleman and Gurtin (2])

u(t, ) = Au(t, z) + /t db(1)Au(t — 7,z) + f(t,z) on R4 x (1,
0

(2) ou _
a—y(t,x) =0 on 91,

u(0,z) = up(z) on Q,

as well as for many other problems, e.g. from viscoelasticity, rheology or population
dynamics; see §5.

The solution properties of (1) have been studied by numerous authors under
various hypotheses on X, A and B(t). The main problem concerning (1) is existence
of a resolvent operator, i.e. a family of strongly continuous bounded linear operators
{S(t)}t>0 in X which satisfy S(0) = I (identity) and the resolvent equations

(3) S'(t) = AS(t / dB(1)S(t—71) and S'(t)=S(t)A+ /Ot S(t—7)dB(7)
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in a suitable sense. It is well known that in case (1) admits a resolvent S(t), any
solution of (1) is represented by the variation of parameters formula

(4) u(t) = S(t)uo + /Ot S(t—1)f(r)dr

in particular, the solutions of (1) are uniquely determined by and depend contin-
uously on the data up and f, i.e. (1) is well posed, and also S(t) itself is unique.
Conversely, if the homogeneous equation (1) is well posed (in the sense of Phillips
[13]) the resolvent operator for (1) exists.

As formula (4) shows, all solution properties of (1) as regularity and growth
are reflected in the resolvent operator S(t) of (1), but knowledge of S(t) is also
important for several other problems which are related to (1). For instance, if S(-)
exists and belongs to L1(R,,B(X)) then

/ S(t—r1) dr, teR,
is the unique bounded solution of the infinite delay equation
(1) W)= Au®)+ [ dB(ut-7)+gl),  teR
0

where g € L>°(R, X), but also in case S ¢ L!(R,,B(X)), important conclusions on
the solvability behavior of (1) on the real line can be drawn from mere existence of
S(t); compare [14 and 15]. Also, as in the theory of semilinear evolution equations,
formula (4) can be used to rewrite the nonlinearly perturbed problem

u( /dB w(t 1)+ [(t) + (Fu)(t), >0,
u(0) = uo

as an integral equation

u(t) = S(t)uo + /O S(t—7)f(r)dr + /O S(t — 7)(Fu)(r) dr,

which is in general much easier to handle than the original equation since the
unbounded parts have been removed.

There are essentially two different known results on existence of the resolvent.
In the so-called hyperbolic case it is assumed that A generates a Cy-semigroup in
X and that B()z € Wli’cl (R4, X), B'(-)x € BVioc (R4, X) (the space of functions
of bounded variation) hold for each z € D(A); see Grimmer and Priiss [11] for
a proof. On the other hand, in the parabolic case A is supposed to generate an
analytic Co-semigroup and B(-)z € CLT*(R., X) for each z € D(A); see Friedman
and Shinbrot [8]. While the first result is best possible as counterexamples [11]
show, the second one is not and several attempts to improve it have been made, see
e.g. Grimmer and Kappel (9], Grimmer and Pritchard [10], Da Prato and Ianelli
(5], Da Prato, Ianelli and Sinestrari [6]. However, in each of these papers some
regularity of B(t) had to be assumed, either explicitly or implicitly through growth
conditions on the Laplace transform of B(t), although the in some sense worst
example

u'(t) = Au(t) + Au(t — 1) + f(2)
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indicates that no such assumption is needed. In fact, for this equation the resolvent
S(t) is given by

S(t)= > (n) 't —n)}  A"eAtM+ (a); = max(a,0),

as a simple computation shows; evidently S(t) is strongly continuous and bounded
since tAeA? is bounded.

Our main purpose in this paper is to prove that in the parabolic case there is
always a resolvent operator for (1), no further regularity of B(-) is needed. Even
more, we show that many of the solution properties of ' = Au+ f are inherited on
(1); for instance, if f € C2.(R4+,X) and up = f(0) = 0 then the solution u of (1)
satisfies v/, Au € C (R4, X); and if f € BVioc (R4, X) then u, Au € C(R4, X)
and v’ € L2 (R4, X) is continuous except for at most countable many jumps.
However, unless B(-) is smooth, S(t) does not share all of the smoothness properties
e enjoys, as can be seen from the above example, too. This S(t) is not uniformly
continuous at t € Ng, AS(t) becomes unbounded at these points, and AS(-) does
not even belong to LL _((0,00),B(X)). In fact, the singularity t = 0 of e?* is
reproduced in S(t) by the jump points of B(-), and we show that this is also true
for the general equation (1); as a rule, S(-) will be as smooth as B(-).

2. Definitions and main results. Let X be a Banach space with norm | - |
and let A denote a (fixed) closed linear and densely defined operator in X. Then
Y = D(A) equipped with the graph norm |z|y = |z|+ |Az| of A is a Banach space,
too, continuously and densely embedded into X. Let B(Y, X) denote the space of
all bounded linear operators T:Y — X with norm |T|y x = sup{|Tz|: |z|y < 1},
and B(X) = B(X, X). For any interval J C R, the spaces C(J, X) of continuous
X-valued functions on J, C*(J, X) of a-Holder-continuous functions (a € (0,1)),
LP(J,X) of p-summable functions (p € [1,00]) are defined as usual and the norms
are denoted by |- |x,0, | - |X,as | - | x,p, respectively.

Throughout all of this paper the family {B(t)}+>0 of closable linear operators in
X is supposed to satisfy the following condition:

(B) For all t > 0 the relation D(B(t)) D D(A) holds; B(0) = B(0+) = 0,
B € BV(J,B(Y, X)) for each interval J = [0,a] and w.l.o.g. B is left-continuous
on R4 =[0,00) i B(Y, X).

Here BV means that the total variation b(a) = Var B|} of B on J in B(Y, X)
defined by

a) = sup {Z |B(t;) — B(ti—1)|ly x:0=tog <t;1 < --- <ty = a}
1

is finite. Note that b is increasing, left-continuous with b(0) = b(0+) = 0 and
|B(t)z — B(s)z| < (b(t) — b(s))|z|y, 0<s<t ze¥,

holds. For u € C(J,Y’) the convolution integral

(dB x u)( /dB u(t — 1), teJ,
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exists as a Riemann-Stieltjes integral, it is left-continuous and bounded by
¢
|[dB * u|x,o < sug)/ db(7)|u(t — 7)|y < b(a)|uly,o;
teJ Jo

dB * u is continuous in case u(0) = 0 or B € C(J,B(Y, X)) holds.

DEFINITION 1. Let f:J — X be given. A function u € C(J,X) is called a
solution of (1) if u € WH1(J, X)NC(J,Y), u(0) = ug, and (1) holds for a.a. t € J.

Note that even in case f is smooth, a solution of (1) will in general not admit a
continuous derivative since dB * u is not continuous unless ug = 0 or B is B(Y, X)-
continuous.

DEFINITION 2. A family of bounded linear operators {S(t)}:>0 C B(X) is called
a resolvent operator or resolvent for (1) if

(S1) For each z € X, S(t)z is continuous on Ry and S(0)r = z.

(82) S(t)D(A) C D(A) holds for all t > 0; for z € D(A), AS(t)z is continuous
and S(t)z locally Lipschitz and a.e. differentiable on R ..

(S3) For each = € D(A) and a.a. t > 0, the resolvent equations

S'(t)r = AS(t)r + /t dB(7)S(t — 1)z,

(3) %

S'(t)r = S(t)Ax +/ S(t—r7)dB(r)z
0

are satisfied.

It should be mentioned that the convolution integral in the second resolvent equa-
tion does not make sense as a Riemann-Stieltjes integral since S(t) is only assumed
to be strongly continuous. However, there are no problems with its integrated form

S(t)r=z+U(t)Az + /t Ut —71)dB(7)z,
0

where U(t) = f(; S(7) dr, and so the second resolvent equation will be understood
in this version in the sequel.

The first easy consequences of these definitions are the variation of parameters
formula (4) and the uniqueness of resolvents.

PROPOSITION 1. Suppose S(t) is a resolvent for (1); let up € X and f €
LY(J, X), where J = [0,a]. Then, if u(t) is a solution of (1) on J, we have

(4) u(t) = S(t)uo + /Ot S(t—7)f(r)dr forallte J.

In particular, there is at most one resolvent operator for (1).

Conversely, formula (4) defines a function u € C(J, X), for any up € X and
f € LY(J,X), which is called the mild solution of (1). The next two propositions
answer the question when u will be a solution of (1) in the sense of Definition 1. It
is obvious that uo must belong to D(A) then.

PROPOSITION 2. Suppose S(t) s a resolvent for (1) and let x € D(A). Then
u(t) = S(t)z has the following properties.

(i) ue C(J,Y)NWH(J, X) for each interval J = [0,a], and u’ is continuous
except for jumps at points in N(z) = {t > 0: B(t+)z # B(t)z};
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(i) u s left-differentiable and u’_(t) = Au(t) + fot dB(7)u(t — 1) holds for each
t>0;

(iii) w s right-differentiable and v/, (t) —u’ (t) = B(t+) — B(t)z holds for each
t>0.

In particular, u € C(J, X) iff B(:)x is continuous on J.

PROPOSITION 3. Suppose S(t) is a resolvent for (1) and let f € C(J,X). Then
foru=S8xfeC(J,X) the following are equivalent

(1) u s a solution of (1);

(i) w € CY(J, X);

(iii) w € C(J,Y).

Moreover, if f e WH(J, X)UC(J,Y) then u is a solution of (1).

Proofs for these results can be found in [11] for the case of a differentiable B(t)
and in [14] for the general case.

Propositions 1 to 3 show that existence of resolvents is the main question concern-
ing (1). It can be answered in the affirmative if A generates an analytic semigroup
in X, without any further assumption on B, besides (B) of course.

THEOREM 1. Let A be the generator of an analytic Co-semigroup T(t) in X.
Then, there exists a resolvent operator S(t) for (1). S(t) has the following additional
properties.

(i) S € L*°(J,B(X))N L (J,B(Y)) nWh°(J,B(Y, X)) for each J = [0, al;

(ii) S(t) s left-continuous n B(X) and in B(Y) on (0, 00);

(iil) S(t) s right-continous in B(X) and B(Y) on (0,00) \ N,, where N, denotes
the set of jump points of the resolvent kernel r of b. In particular, S(t) is continuous
in B(X) and B(Y) on (0,00) tn case B is B(Y, X)-continuous on R .

Note that the resolvent kernel of b is the solution of r = b + db x r, hence
N, = {t > 0:7(t) # r(t+)} is the semimodule generated by the jump points of
b, i.e. N = {t > 0:b(t) # b(t+)}. The example in the introduction shows that
Theorem 1 is optimal.

The proof of Theorem 1 is quite involved and therefore postponed to §4. It is
based on the Neumann-series for S(t),

S=T+T+«dB+*T+T*«dB*T*dB*T+---,

which at this point makes sense only formally, since AT is in general not of bounded
variation, neither in B(X) nor in the strong sense. The crucial step in the proof
consists in deriving a term by term estimate of this series to obtain the uniform
boundedness of certain approximations of S, and then also of S.

Our next results, somewhat surprising at first sight, show that the solutions of
(1) with up = 0 essentially exhibit the same regularity as those of the differential
equation v’ = Au+ f. But first we have to recall the definition of the intermediate
spaces Y, = D4(a) of A introduced by DaPrato and Grisvard [4]. For a € (0,1)
we have

Yo =Dyla)={z € X:t7*(T(t)z —z) - 0as t — 0}

and forz €Y,
|z|o = || + sup{t*|T(t)z — z|:0 < t < 1};
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then Y, is a Banach space w.r. to the norm | - |, and
Y=Y, —Y3—=X

holds for 1 > a > 8 > 0, where all inclusions are continuous and dense; moreover,
we let

Yita =Da(a+1)={z €Yy Az € Y,}, |Z]14a = |Z]a + |AZ]q.
Since the spaces Y, are interpolation spaces, Theorem 1 immediately implies

COROLLARY 1. In the situation of Theorem 1, for o € (0,1), the resolvent
S(t) is also strongly continuous in Yy, left-continuous in B(Y,) on (0,00), and
right-continuous in B(Yy) on (0,00) \ N;.

If B preserves spatial regularity in the sense that B also belongs to
BVioc(R4+,B(Y1+a,Ys)), then S(t) is also a resolvent in Y,; apply Theorem 1
with X =Y, to see this. However, in general neither AS(t) nor S’(t) map Yi4, to
Y, and so Corollary 1 cannot be improved; see §5 for an example.

THEOREM 2. Let A be the generator of an analytic Co-semigroup T(t) in X,
and, for some a € (0,1), suppose

(i) f € C*(J,X) and f(0) € Yy; or

(ii) f € C(J,Ya).
Then u = S « f 15 the solution of (1) with ug = 0 and additionally satisfies in case
(i)

ue C*J,Y)NCY¢(J,Y,_.) for each € € (0,q,
and wn case (ii)
ue C*J,Y)NCYJ, Y, ) for eache € (0,q].

Note that this result is optimal in case (i); in case (ii) the assertion can only
be improved in case B(t) preserves spatial regularity. By means of a simple in-
terpolation argument, it is possible to prove that in any case u € C?(J,Y,) for
B+v<1+a, 8,y<1land (8,7) # (1, ) holds. Let us also note that the frac-
tional power spaces Y* = D((w — A)®) are continuously embedded into Y, hence
the case (ii) holds also for f € C(J,Y?).

A weaker type of regularity which also includes nonvanishing initial values ug of
u involves the following function spaces. For a € (0,1) we define

B(J,X) = {f € L'(J, X):[f]a < o0}

where
a—h

o =suph [ gt 0) - s i+ suphoe [“rog (142 ) 0l ar

h>0 0 h>0
obviously B*(J, X) D C*(J,X) holds. For this class we have

THEOREM 3. Let A be the generator of an analytic Co-semigroup T(t) in X,
and suppose f € B*(J,X) and up € Y, for some o € (0,1). Then u = Sug+ S * f
satisfies u € WHY(J, X)NLY(J,Y) and ', Au € B*(J,X), and equation (1) holds
fora.a. te J.

Here the convolution dB*u has to be understood in L(J, X), as will be discussed
in the next section where the proofs of Theorems 2 and 3 are given. Let us note
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that the result of Theorem 3 is very flexible since the assumptions are very weak.
It will prove its usefulness also for the proof of Theorem 1 in §4, in particular since
nonvanishing initial values are admitted.

Finally, we state the following regularity result which is well known for differential
equations u’ = Au + f; see Webb [18].

THEOREM 4. Let A be the generator of an analytic Co-semigroup T(t) in X,
and let f € BV(J,X). Thenu= S * f € C(J,Y)NWh>(J, X) s the solution of
(1) with up = 0; furthermore u'(t) is left-continuous on J, right-continuous at all
points of continuity of f and v/ (t+) — v/ (t) = f(t+) — f(t) holds for allt € J.

The proof of this result is easy, once it is shown that

(1)~ 1(t) = /0 (S(t — ) — I)df (r) + (S(t) - 1)F(0)

exists and is continuous; this in turn will follow by the same method which yields
Theorem 1.

3. Proofs of Theorem 2 and 3. The proofs of Theorem 2 and 3 are based
on properties of the analytic semigroup T'(t) generated by A, in particular of the

solutions of the initial value problem
5) V'(t) = Av(t) +g(t), t>0,
v(0) = 0. '

The fundamental property of such semigroups is

T(t)X c D(A) forallt>0, and

(6) [T(t)| < M, |AT(t)| <M/t  forte (0,al,

where the constant M may depend on a. It is well known that (6) is characterizing
analytic Cp semigroups.

For o € (0,1) it is easy to see that T'(t)|y, is also an analytic Cp-semigroup in
Y, and estimates (6) in Y, hold with the same constant M. The strong continuity
of T(t) at t = 0 in Y, follows since {t~*(T(t)z —z):t € (0, 1]} is relatively compact
in X for z € Y,. It is also easy to see that Y, is characterized by

Y, ={r€ X:t'!" AT (t)z — 0 for t — 0}
and
|2lle = |z| +supt'~*|AT(¢)z]
t<a
is a norm on Y, equivalent to | - |,; more precisely,
(2M)—1||I”oz <lzfo < a_1||x||a~

To state the solution properties of (5) needed below, we have to introduce the
norms | - |o,5 on the spaces C?(J,Y,) of Holder-continuous functions f:J — Y,
where (o, 3) € [0,1] x [0, 1).

|flay0 = S‘:}p]f(t)‘a for a € [0, 1],
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and

|flas = |flaco + up /(&) = fFDla- [t =777 for a€0,1], € (0,1);
t#£t

here o = 0,1 refer to Yo = X and to Y; =Y, respectively.
The first lemma deals with the properties of the solution of (5) in case g is
Holder-continuous; see Sinestrari [16].

LEMMA 1. Suppose g € C*(J,X) and Avg + ¢g(0) € Y, for some a € (0,1),
and let v(t) = T(t)vo + (T * g)(¢t) for t € J. Then v(t) is the solution of (5) in J
and satisfies

veCJ,Y)NCYE(J, Ya)NC(J,X) for each € € (0,a),
and
(7) ol + [0 la0 + [0']oa < C - (1420 + g(0)]o + lgloe),
where C = C(a,a, M) denotes a constant only depending on o, a, M.

PROOF. It is well known that v € C1(J,X) N C(J,Y) is the unique solution of
(5), we therefore need only to verify inequality (7). Let

t
n(t) = T + (T g(0)(©) = T(Oo + [ T(r)dr g(0);
0
then Av; (t) = T'(t)(Avo+¢(0)) = v} (t) —g(0). The asserted inequality for v; is now
a trivial consequence of the definition of Y, and the strong continuity of T'(¢)|y, .

Therefore, we may assume vg = g(0) = 0 in the sequel.
To verify the inequality for |v'|g,, we decompose according to

o (8) = /() = (T() = T@)(9(®) — 9(0)) + T(R)(9(t) — (1))
+ [ AT )(0(6) - o) s

+ /0 A(T(h + 5) — T(s))(g(E — 5) — g()) ds
=11 + Iy + Is + 14,

where t >t and h =t — %, and estimate separately

|| < |T () — T@)|lg(@) - 9(0)] < Mlglo,t" / ot

< Mlglo,a™th%;
[I2| < |T'(h)|lg(t) — g(2)] < Mlglo,ah®;

t t
I < / AT(t - )| lg(s) — 9(t)| ds < Mglo.a / (t—s)*'ds
t t
= Mlglo,aa—lha;
1 s+h ~ B
I < / / |A2T(r)| drlg(i - 5) — g(B)] ds
0 s
t 00
§4M2|g|0,a/ hs®~!(s+h)"1ds g4M2|g|0,aha/ T 1+ 1) dr
0 0

= 47 M?|glo o (sin am) "1 he.



PARABOLIC VOLTERRA EQUATIONS 699

This shows v/ € C*(J,X) and |[v'[p,a < C|glo,a, hence by (5) we also obtain
v e C*(J,Y) and |v|1,a < Clglo,o- Further,

o(t) = / AT(s)(g(t - 5) — g(t)) ds + T(D)g(¢)
0
yields
(0]l < @)

+supri-e { | 2T+ )l - 5) = 9(0)]ds + 14T + 1) 1g(t)|}

r<a

t
< Clglo,a {1 +sup 7! </ s%(s+7)"2ds +t(t +T)'1)}
0

7<a

< Clglo,a {2 +/ r*(1+47)72 dr}
0
= C|glo,o{2 + ma(sinar) 1}

Hence [v'|4,0 < C|g|o,o holds for some constant C. This estimate already implies
v'(t) € Yo_c foreacht € J, € € (0, ), and the remaining assertion v’ € C¢(J, Yy—¢)
now follows by a simple interpolation argument. In fact, with
o(t,7,h) = TITE|AT (1) (V' (t + h) — V' (t))]
we have
o(t,7,h) < M7 %RV |00
as well as
SO(t, T, h) S 2T€|’Ul|a’0,
and therefore
”U,(t + h) - Ul(t)”a—s < C|UI|0,a - h® + sup So(t, 7, h)
7<a

< Cl'|o,a - R* + sup(p(t, T, h)(l—e/a) - o(t, T, h)e/a)

7<a
< Ol lo.a B + (M[0'l0.0)"/(210'|a.0) /"
< Clg'o’ahe. 0O
It can be shown that v € C1(J,Y,) also holds in case g is “little” Holder-continuous,

i.e. (g(t) —g(t+h))h~> — 0 as h — 0. Since we shall not use this concept, we refer
to the paper of Sinestrari [16].

LEMMA 2. Suppose g € C(J,Y,) and Avg € Y, for some a € (0,1), and let
v(t) = T(t)vo + (T * g)(t) for t € J. Then v(t) is the solution of (5) in J and it
satisfies v € C(J,Y114) NC*(J,Y) N CY(J,Y,) and

(8) |Ava,0 + [v]1,6 + [v'|a,0 < C(|Avola + 19]a,0)
where C = C(a,a, M) denotes a constant only depending on a,a, M.

This result is due to Da Prato and Grisvard [4]; we include a proof here for the
sake of completeness.
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PROOF. Again we may assume vy = 0, since v (t) = T'(t)vo satisfies all assertions
by definition of Y,. Firstly, we have

t t
|Av(t)] < / |AT (r)g(t — 7)|dr < Clgla,o/ 771 dr = Ca'a%|gla.0;
0 0

hence v(t) € D(A) for all t € J, and |v|1,0 < Clgla.0-
Secondly,

[Av(t + h) — Av(t)]

t+h t
< / |AT(t + h — 5)g(s)| ds + / ds
t 0

t+h—s
/ A%T(r)g(s) dr

—8

t+h t pt+h—s
< C|9|a,o / (t+h-— s)a—l ds + / / 22 dr ds
t 0 Jt—s

< Clgla0 (ho‘oz_1 +(1-a)! /Ot[(t —s)* L —(t+h—s)*1] ds)
< 2C|gla,0h*(a(l — @)™

le.v e C¥J,Y) and |v]1,a < Clg|a,0-
Thirdly,

t
|Av|a,0 < |Av|g,0 + sup Tl_"/ |A2T(s +7)g(t — s)|ds
t,7<a 0

t
< Clgla + Clglao - sup 7 / (7 + )22 ds
0

t,7<a
< Clglao (1 A ds) — Clglao(L+ (1= a)Y),
0

and therefore by (5) also [v/|4,0 < C|g|a,0-
To show that Av(t) € Y, for each t € J, we decompose

Avu(t)

(T(e) — g(t) + T(e)/ AT (s)g(t — s)ds

N /0 " AT(s) (glt — ) — g(s)) ds;

since the first two terms on the right-hand side of this equation already belong to
Y. we obtain

lim [ AT () Av()] < iy =2 [ AT (7 + 5)(0(e - 5) = 9(0)| s

< Csuplg(t—s) —g(t)|a - lix%rl_"‘/ (r+35)22ds
T— 0

s<e
< Csuplg(t—s) —g(t)|a-(1-a)™' =0 ase—0
s<e
uniformly on J, since g € C(J,Y,). Hence Auv(t) € Yy, and v'(t) = Av(t)+g(t) € Yo
for each t € J.
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Finally, to show that Av and v’ are continuous in Y, write Av(t + h) — Av(t) =

(T(h) = D(u(t) + g(t) + Jy AT(s)(g(t + h — 5) — g(t)) ds. Since v(t),g(t) € Yo,
the first term on the right-hand side of this equation tends to zero as h — 0. The
second one is majorized by

h
AoeaT(r) [ AT() gl + - 9) ~g(t) ds

< Csuplg(t+s) — g(t)|a- Tl_"‘/ (r+3s)*%ds
s<h 0

<Csuplg(t+s) —g(t)|a(l1—a)™' =0 ash—0.
s<h

Thus Av(t) and v’ (¢) are right-continuous in Y,; left-continuity follows similarly. O

Lemma 2 shows in particular that the intermediate spaces Y, enjoy the property
that for any ug € Y, with Avg € Yy, i.e. vg € D(Aly, ), and for any g € C(J,Y,),
the function v(t) = T(t)vo + (T * g)(t) is a solution of (5) in Y,; this property is
sometimes called the mazimal regularity property.

For the class B*(J, X) introduced in §2 we have the following result which seems
to be new. It will be important for the proof of Theorem 3 but also for that of
Theorem 1.

LEMMA 3. Suppose g € B*(J,X) and vg € Y, for some o € (0,1), dnd let
v(t) = T(t)vo + (T * g)(t) for t € J. Then v(t) is an a.e. solution of (5) and it
satisfies v € B%(J,Y) N B*%(J, X) and

9) [Av]q + [v']a < C(asin ‘n'a)—l([vOIQ + [gla)s
where C denotes a constant only depending on M.

PROOF. 1. It suffices to show Av € B*(J,X) and to derive the estimate for
[Av]q, since (5) then will imply that for v/. We may further assume vg = 0 since
v1(t) = T(t)vo satisfies

/ log <1 + %) |Avy (t)| dt < |U0|a/ t*~log (1 + %) dt
0
< |v0|aha/ 5% 1log (1 + ;) ds = m(asin ar) " uo|oh?,
0

as well as

a—h a—h t+h
/ vy (£ + h) — Avs (£)) dt < 4M|v0|a/ / 2 dsdr
0 0 0
< 4M|vola(a(l — a)) A%

hence v; belongs to B*(J,Y) N B'*%(J, X) and satisfies (9).

2. Let p. denote real-valued C*°-functions with support supp p. C (0,¢€), pe(t) >
0 and ffooope(t)dt =1. Theng. =p. g —»gase —0in L'(J, X) and v, = p. *v
are solutions of (5) with g replaced by ge,ve — v as ¢ — 0 in C(J, X). Since g is
smooth, Av, € C(J, X) and Av, is a Cauchy sequence in L'(J, X) as the following
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estimate shows

dt

Ave — Avelps < [ | [ AT()gelt = 7) = gur(t — 7)) dr
0 0

<
+ /O (T(8) = I)(ge(t) — ger (2))] dt

a . a ~ B I ) ) |
SM/o ! /Tlgs(t T) = ger(t — 7) — ge(t) + ger (t)| dt dr
+ (M +1)|ge — ger|L1
1/2 a _ a—T
< 2Mlge = ge'l1 /0 4 1(/0 l9e(t = ) = ge(t)

1/2
lger(t —7) — g (1) dt) dr

/0 AT(7){ge(t — 7) — ger(t — 7) — ge(£) + ger (1)) dr| dlt

+ (M + 1)|g€ — g&"[Ll
< 4Mge — g1/ [(/ re/21 dT) [9]5/% + 2|gli/12J ~0
0

as € — 0; note that [g.], < [g]e holds. Thus v. — v and Av, — w in L1(J, X),

hence w = Av € L!(J, X), since A is closed.

3. It remains to derive the estimate for [Av.|, uniformly w.r.t. ¢ > 0; we shall
drop the index ¢ in the sequel

/oa log (1 + %) | Av(t)] dt < /0 log <1 . %>
+ /O“ log <1 + %) I(T(t) - Dg(t)| dt
=11 + Iy;

/0 AT (7)(g(t — 1) — g(¢)) dr| dt

I < M/OGT’I/TalOg <1+ %> lg(t —7) — g(t)| dt dr

< M/ 7 1log (1 + g) 79d7 - [gla
0

< M'[g]aha/ s* log (1 + %) ds = Mr(asinar) ™! [g]oah®;
0

L<(M+ 1)/: log <1 + %) ()| dt < (M + 1)[g]ah®;

since [ge]o < [g]a for all € > 0 this implies the first part of the desired estimate.
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To derive the second part, we decompose according to
Av(t + h) — Av(t) = (T (¢ + h) — T(t))g(t) + (T'(h) — I)(g(t + h) — ¢(t))

/ AT(r)(g(t + h—71) —g(t+ h))dr

+ [ A+ 0 - Tt - 1) - o) ar
=L+ 1+ I3+ 14.
Estimation of the first term yields
a—h a h
[ it < o [“1og (14 ) 0l < Miglahe,
0 0

similarly we obtain for the second one

a—h a
/0 \a(t)] dt < (M + 1) /0 lo(t + h) — g(t)] dt < (M + 1)[glah®;

for the third term we get

/Oa h|I3(t|dt<M/ —1/ gt +h—7) —g(t+ h)|dtdr

<M/ -1/ +7)|dtdr < M[gla /(;hTa_ldT

= Mlglaa™ 'he;
and finally

a=h a=h 4M2h [oh
[ mwnaes [T B [T - 1) - gl dear

(e <]

a—h
hrt*
< 4M? a/ Mg < aM? h"‘/ s H1+s)"1ds
[q] ey [9]a | (1+5s)
= 4M?n(sin ar) " [g]oh",

T+h
/ A%T(s)ds

We now turn to the proofs of Theorems 2 and 3. If we replace u(t) by u,(t) =
u(t)e *tin (1), u,, again satisfies an equation of type (1), where A has to be replaced

by Aw=A—w, f by f,(t) = f(t)e~** and B(t) by B,(t) = [y dB(r)e~*". With
T, (t) = T(t)e~“* we obtain |T,(t)| < |T(t)| < M and

|ALTu ()| < [AT(t)| + t7HT () |(wte ") < Mt~ (1 +e71),

the crucial estimates (6) hold uniformly for w > 0. On the other hand, choosing w
large enough, the variation of B, (t) can be made arbitrarily small, by virtue of

Var B, |2 < /0 " 1dB()ly.x < /0 " db(r)e—" < b(e) + (b(a) — b(e))e—¢

since

h

7(r+h) O

7+h
\A(T(r+h) = T(r))| = < 4M> / =2 ds = 4M>
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and since b(e) — 0 as € — 0+. Therefore, we may assume Var B|§ = b(a) < 7 in
the sequel, where 7 is as small as we need.

PROOF OF THEOREM 2. Let up = 0 and f € C*(J,X), f(0) e Yy or f €
C(J,Y,). We consider the Neumann-series

(10) uzi(T*dB)*"*T*f

n=0

and show that it defines a solution of (1). Lemma 1 or Lemma 2, respectively, show
that T x f belongs to C*(J,Y) and |T * f|1,o < C(e, f) for some constant C(e, f).
For any function g € C*(J,Y) with ¢g(0) = 0 we obtain

|[dB * glo,0 < b(a)lgl1,0

as well as

t+h
|(dB * g)(t + h) — (dB * g)(t)] < / db(r) g(t + h — 7y

+/0 db(r)lg(t +h — ) — glt — 7)ly
< b(a)h® - stuf lg(t + h) — g(t)|h™%;

hence dB xg € C*(J,Y) and

|dB * glo,o < b(a)lgl1,a < nlgl1,a-

Since (dBxg)(0) = 0, another application of Lemma 1 yields T« (dBx*g) € C*(J,Y)
and

T + (dB * g)|1,a < C(a,@)nlgl1,a-

Therefore we see inductively that each term of the series (10) is well defined, belongs
to C*(J,Y) and we have

lulta < D (Cla,@)n)" - Ca, f) = C(a, f)(1 = nC(a, @)™
n=0

provided 7 is sufficiently small. It is now obvious that u is a solution of (1) and
that u € C*(J, X) holds. O

PROOF OF THEOREM 3. Let ug € Y, and f € B*(J, X) for some o € (0,1).
The solution u of (1) will be given by means of
(11) u= Z(T*dB)*n*(TuOﬂ-T*f)

n=0

Lemma 3 shows that g = Tug + T * f belongs to B*(J,Y), and that [g]y,o <
C(a, @)(|uo|a + [f]a) for some constant C(a, a) holds. Let p. be as in the proof of
Lemma 3; then p. xg = g. € C(J,Y) and g. — g in L1(J,Y) as ¢ — 0. Since

a a
|dB *ge —dB % ger| 1 < / db(T)/ |gs(t - T) —ger(t — T)l}‘/ dt
0 T

< b(a)lge — gerlLr,
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we see that dB * g — w in L!(J,X) as ¢ — 0, and therefore it makes sense to
define

dB x g = lirr(l)dB x g in LY(J,X),
E—

and this does not depend on the choice of the p.. Next we show that dB x g €
B*(J,X) and [dB * glo < cb(a)[g]y,a- In fact, we have

/Oa log (1 + %) |dB * ge(t)| dt < /Oa db(7) /T“ log (1 + %) lge(t — 7)|y dt
< /O“ db(7) /Oa log <1 + %) |ge (t)|y dt < b(a)[g]y,oh®,

and

a—h a—h t+h
/ l(dB*ge)(t+h)—dB*ge(t)IdtS/ / db(7)|ge(t+h‘7)lY dt
0 0 t
a—h t
-+L [;%vn%a+h—rw—%u—wnym
h a—h
:gﬁ wAﬂWd«bwy+u®[; 106t + ) — ge(t)]y dt
sb@)ﬁ bg(r+§)wanydv(bgm-l

a—h
+M®A l0e(t + h) — ge(0)ly dt
< b(a)h*(gly,«(log 2)"1.

Another application of Lemma 3 therefore yields T * (dB x g) € B*(J,Y) and
[T % (dB * g)ly,a < C(a,a)b(a)[gly,a- Thus, by induction each term in the series
(11) is well defined, and

[ulv,a < D (Cla,a)b(a))" - Cla, @)(|uola + [fla)
< (1 - C(a,a)b(a) ™' Cla, &) (luola + [fla) < oo,

provided that b(a) is sufficiently small. The assertions now follow easily by means
of another approximation argument. In fact if Tug + T * f in (11) is replaced by
T * (peug + pe * f), then the resulting u. is a solution of (1) by Theorem 2 and
we have u, — u in L'(J,Y), hence also ue — u in Wh1(J, X) as equation (1)
shows. O

4. PROOF OF THEOREMS 1 AND 4. To introduce some simplifications, note
first that we may assume B € BV(R4,B(Y, X)) since the resolvent S(t) is de-
termined by A and the values of B(s) for s < t only. Next we may assume
that A is invertible and that the variation of B is as small as we please, say
Var B|g° = b(00) < no; this follows from the remarks in front of the proof of Theo-
rem 2. Finally define K(¢t) = B(t)A™!; obviously we have K € BV(R,,B(X)) and
Var K|3° < b(00) < 1o, since the norm on Y may be chosen as |z|y = |Az| now.
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Formally, the resolvent S(t) and its similarity transform S;(t) = AS(t)A~1! are
given by the Neumann series

S=T+Tx+dK «At+TxdK » AT xdK x AT +--- and
Si1=T+AT «dK T+ AT xdK « AT xdK *T + - - -.

In the first step of the proof we show by the arguments in the proof of Theorem
3 that both series make sense in L!(R,,B(X)), and that S € WL1(R,B(Y, X))
holds. Since AS(t)A~! = Si(t) is also satisfied we therefore obtain S €
L'(R,,B(Y)) and that the resolvent equations (3) hold in L!(R4,B(Y, X)).

The second step consists in proving the boundedness of S(t) and S;(¢) in B(X),
and that of S’(t) in B(Y,X). This is the most difficult part of the proof, since
now pointwise estimates are needed. These will be obtained by a term by term
estimation of (12) and are based on the following inequalities.

(12)

—t

T(t) < Me—t and |AT(®)] < 2 fort >0,
(13) IT(t) —T(s)| < Me™°log (1 + : ; 8) and
|A(T(t) — T(s))| < Me— - tt‘ss fort > 5> 0.

The third part of the proof then is routine; by standard approximation and
density arguments we show that S(t) and S;(t) are strongly continuous.

At several places we shall take advantage of Laplace transform theory; standard
references are Widder [19] for scalar functions and Hille and Phillips [12] for vec-
torvalued functions. Recall that for f € L1(R, X) its Laplace transform is defined
by

f= [ erwan  Reazo,
0
and for g € BV(R 4, X) we let

oo
dg(\) = /0 e Mdg(t), Re\ > 0.

Note that 215()\) = Ag(A) holds and recall also the convolution theorem

— — N

dK % f(A) = dK(A)f(N), Re) > 0.
Finally the uniqueness theorem for the Laplace transform states that if fi, fo €
L'(R,, X) are such that f;()\) = f2(A) then f; = f2 in LY(R,, X).

STEP 1. Let H(A\) = (A = A —dB()\))~! for ReA > 0. Then there is S €
LYR4,B(X)) N L}Y(R4,B(Y)) nWLY(R,4,B(Y, X)) such that S(A) = H(\) for
Re ) > 0. In particular, S satisfies the resolvent equations (3) i L'(R4,B(Y, X)).

PROOF. Note that A— A —dB()) = (I —dK(A)A(X — A)~1)(A — A) is invertible
for each A with Re A > 0 since

KA = )7 < dEW[AG - 4) ! <mo-C <1
holds for Re A > 0. Thus we obtain
H) = (A~ A)7 (I - dEMAM - 47~

(14a) —
=A-A) 1+ A=A HdKMNAAN-A) " -
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and for Hy()\) = AH(A\)A~! we have
(14b) Hi(A)=(A=-A)"1+ A\ - A) "MK (M\)(A — A)~!

i.e. H(A) and H;()) are well defined and are the formal Laplace transforms of (12).
By means of (13) we see that T € B*(R+, B(X)) for each a € (0,1); in fact

/ log (1 + %) IT(t) dt < Ma~1he / et dt = T(1 — a)a—'Mh®
0

0
and

oo (o o]
/ IT(t + h) — T(t)] dt < M/ etlog (1 + %) dt <T(1— a)a—'Mh=
0 0
where I'(3) denotes the gamma function. Here we have used the elementary in-
equality
(15) I% <log(l+z)<a 'z* forallz>0, ac(0,1],
which will frequently be applied, in the sequel. As in the proof of Theorem 3 we
then obtain dK * T € B*(R,B(X)) and
[dK * T < 2(log2) ™ *no[T)a-

Next, the arguments in the proof of Lemma 3 show that AT * (dK * T) €
a(R-HB(X)) and

[AT * (dK * T)], < C(asinan) HdK * T)q < C(a)no[T)a
as well as T * (dK + T) € B1**(R,,B(X)) and

|47k 1) < Clamlri.

«

By induction, each term of the series (12) for Si(t) is therefore well defined and
belongs to B*(R,B(X)); the series is convergent in B*(R,B(X)) since

[S1]a <D (C(@m0)™[T]a = (1 = C(e)n0) ™} Tla,
n=0

provided 7o is small enough. Also, A~1S; exists in B1**(R,,B(X)) as the second
estimate shows. B Similarly, we obtain S € B*(R4,B(X)) be means of the series
(12) for S(t), where we are now working from the left to the right. Taking Laplace
transform, equations (12) and (14) yield

S(A)=H(\) and S;()\) = Hi(\), ReA>0,
and since H;(A\) = AH(A\)A™! holds, uniqueness of the Laplace transform im-
plies Sy (t) = AS(t)A~! for a.a. t > 0. Thus S € L} (R, B(X)) N L' (R4, B(Y))N
WL (R,,B(Y,X)) and each term in the resolvent equations makes sense in
L'(R4,B(Y,X)). By means of S(A) = H(A) = (A — A — dB()))™! we finally
get

S(A) = A s“( A) — (A+dB(A))S‘( A) = AS(\) +dB x S(\)
S(x )(A+dB(A)) SA(\) + S +dB()),
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hence (3) holds in L!(R 4, B(Y, X)), by uniqueness of the Laplace transform again. O
STEP 2. The resolvent S(t) defined in Step 1 satisfies
$ € L®(Ry, B(X)) N L®(Ry, B(Y)) N W (R, B(Y, X)).

PROOF (a) Let € > 0 and let p. € C§° be such that p.(t) > 0, supp pe C (0,¢)
and [%_pc(t)dt = 1. Define approximate kernels K.(t) be means of

(16) Ke(t)=(I - €A)_l(p€ * dK)(t),
and let Sc(t) denote the resolvent of

W =Au+ K. *x Au+ f,

i.e.
Se =T« Z:(KE x AT)*" and
Sie = AScA™' =) (AT x K.)™" «T.
n=0

Since K. is a smooth Y-valued kernel, the series are well defined, the integrands of
the summands have no singularities, everything is continuous. For this reason we
shall derive uniform estimates for S;. first. Note that |K.|p1 < Co|dK|; < Cono =

1 holds.
(b) CLAIM 1. Let
(18) R,(t)= (AT * K.)*" xT(t) fort>0, neN

denote the nth summand of the series (17) for Si.. Then

o= L

S2
(19) / AT(t = ) Ko (1a) AT (80 — 8p—1) Ko (1)
.. Ks(Tl)T(sl - T) d31 LR dsndTl e dTn

holds, where txy =t —> prjand 7= 17,
PROOF. Since the integrand is continuous, we may change the order of integra-
tion as we please. The induction step from n to n + 1 is verified as follows.

Ruia(t) = AT+ Ko+ Bof0) = | ATt 5) / " Ke(p)Rals — p) dpds
- /0 t /,, CAT(t — $)K.(0)Rals - p) dsdp
SN
./SPZTJ/S p/ / AT (t — 8)Ke(p)AT (s — p — sn)

T(s;y —7)dsy1dsg---ds,dr - -dr, dsdp.
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The transformation s; — s; + p and 7/ = 7 + p yields

R = [ / sy e [ [ are-oxpare -

- Ke(m)T(sy —7')dsy -+ -dspdry - - - dr ds dp,

and commuting the integral over s with those over 7y - - - 7, leads to

t tnyt t2 t Sn 82
Rn+1(t):// / // / {}dSIdsndsdTl'dTndp
0 Jo 0 T Jr! 7!

where t; =t —p— 3" 7k, i.e. (19) holds forn+ 1. O
The representation (19) of R, (t) suggests to consider

z,,(t)=/:/j"m/jz AT(t = 5)Ke(r) -+ Ko(r)T(s1 — 7) dsy -+ - dsn

first, where the dependence on 7y, ..., 7, has been dropped. To obtain the desired
estimates we decompose Z,(t) according to
CLAIM 2. We have

t
Zn(t) = / AT (t — s)Uy(t,s) ds
(20) T
+/ (T(t—s) — D)Vu(t,s)ds+ (T(t — 7) — I)Wy(t),
where U, V,,, W, are defined inductively by

Ui(t,s) = Ke(m)(T(s—1) =Tt — 1)),

(21)
V1 (t, S) = 0, W1 (t) = KE(TI)T(t — T)
and
(22) Wii1(t) = Ke(rn41)(T(E — 7) — DWa(1),
(23) Vas1(t,s) = Ke(rni1)[AT(t = s)Un(t,5) + (T(t — s) = )V .38)],
(24)

Un+1(t,8) = Ke(Tnt1) {(T(S —7) = D)Wx(s) = (T(t — 1) — )Wa(t)
+ /S(AT(S —1)Un(s,7) — AT(t — r)Un(t,7)) dr
+ /8[(T(s —7) = DVu(s,7) = (T(t — ) — )V,p(t,r)] dr} .

PROOF. For n = 1 we have

Zi(t) = / " AT(t - $)K.(n)T(s — 7) ds
_ / AT(t - 8)K. (r1)(T(s — 7) — T(t — 7)) ds

+ /t AT(t — 8) ds K, (TI)T(t - T)’
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hence (20), (21) holds for n = 1. Let the assertions be true for n; then we have

Znpa(t) = / "AT(t - 8)Ke(rns1) Zn(s) ds
- /: AT(t - 8)Ke(rns1) / AT (s — 1)Un(s, r) dr ds
+ /Tt AT(t - s)Ke(Tn_H)[rs(T(s ) = I)Va(s,r) drds
+ / " AT( = 8)Ke(rms1)(T(s — 7) — I)Wnls) ds
- / " AT(t - $)Ke(rs1) { / "[AT(s = 1)Un(s, ) — AT(t  r)Un(t,r)] dr
+ [T = 1) = DVator) = (T =) = DVl dr
+[(T(s = 7) = D)Wal(s) — (T(t 1) — I)Wn(t)]} ds
+ /: AT(t - )Ke (rns1)
- { / "(AT(t = P)Un(t,7) + (T(t = 7) — D)Va(t, 7)) dr + (T(t —7) — I)Wn(t)} ds

= / " AT(t - $)Uns1(t, 5)ds + / (Tt = 1) — D)Vasr (t,7) dr
+ (Tt — 1) = DWnia(t),
hence the assertion also holds for n +1. O
(c) To obtain the desired estimate for Z,(t) we have to estimate U,, V,, W,

separately by induction. This is easy for W,,.
CLAM 3. Let o, = [[] |Ke(7;)| and C > 2M + 1. Then

(25) [Wn(t)| < a,C™ for all t >0, and

(26) [Wn(t) — Wn(s)] < anCmpy (t——i> forallt >s>r,

where ©1(a) = log(1 + a).
PROOF. We have by (13)

W1(t)] < |[Ke(m1)|- M < ouC

and

Wa(®) = Wa(o) < |Kelr) [T~ 1) = T(s - )] < anClog (14 122 )

s—T1
i.e. (25) and (26) for n = 1. For the induction step we obtain with (22)

Wit 1(t)] < [Ke(mns1)|(M + 1)[Wa(t)]
< ant1(M +1)C" < apqC™H
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and

Was1(t) = Waia(s)] < [Ke(mn 1) IT(t = 7) = T(s = 7)| [Wa(2)]
+ | Ke(tni2)[IT(s = 7) = I| [Wn(t) — Wn(s)]

< [Ke(Tn41)|anC™ log (1 + —> (M+M+1)

t—s
= an+1cn+1§01 ( > . g
S—T

To derive the estimates for U, and V,, we define functions ¢, (a) inductively by

(27) enni(@= [ on (50 10s (14 12 ) 12

Some properties of ,, are collected as
CLAIM 4. For all n € N we have
(i) 0 < pn(a) < c(n,B)al, a >0, B € (0,1);
(ii) en(a) < pn+1(a) for all a > 0;
(iii) pn(a) is increasing for all a > 0;

(iv) pn(a)/a is decreasing for all a > 0.
PROOF. By means of (15) we obtain for the induction step

0< ontila /C(n6+6)(l_a>ﬁ+6< a ) ﬂ—lda

1-o0

=C(n,B+ 6)ﬁ_1a‘6/ o~ B+)(1-06)°1do
0
< C(n+1,B8)a?

where § > 0 is such that 8+ § < 1. Again using (15) we get

1 1 a do
<p2(a)—/0 log<1+T>log< 1_0) =%

1 1-0)/o do
Zlog(”“)/o 1+(1-0)/o 1-0

= log(1 + a) = p1(a);

hence (ii) follows inductively. (iii) and (iv) are trivial since for any o > 0, log(1+ax)
is increasing and z~1 log(1 + az) decreasing for z > 0. O

By means of the functions ¢, (a) we obtain the following estimates for U,, and
Va.
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CLAIM 5. Let C > 8M + 2. Then for each n € N we have
t—s
s—T

(28) |Un(t78)l S Cnanﬂon ( ) y t>s> T,

t—s

(29) 'Vn(tas)l < Cnan(t - 5)_1‘pn—1 ( > ) t>s>m

S—T

(30)  [Un(t.s) ~ UnlB9)] < Cmani— o (t‘s), E>E> 8>

(1) Valtys) —Valtos)| < Can(f— )" (f - f) s (f“ ) ,

t—s S—T
t>t>s>rT

PROOF. (i) For n =1, (29) and (31) are trivial; with (13) we get

t—
Us(t,8)] < [Ke(m)[[T(s —7) =T (t = 7)| < 01C - log <1 t —j> ’

and

hence with (15)

t—71 t—7 t—t (t—9)/(s—1) t—1 t—s
= < = = - . = < =
log(1+t—T>—t—T t—s 1+(t—s)/(s—r)_t—510g 1+s——r

i.e. the assertion holds for n = 1.
(ii) Let (28) ~ (31) for n be satisfied. Then (23) and (13) yield

Vat1(t, 8)| < [Ke(mnt1)l
: {M(t ~ 5 anCmp, (Z:i) + (M + 1)Can(t - 5) on-s (t - 3)}

S—T

t —
San+lcn+1(t_s)_1¢n < S)

since pn—1(a) < pn(a) by Claim 4(ii). Furthermore
|Vn+1(tv 3) - Vn+1(za S)l
< |Ke(tn 1) {I(AT(t = 5) — AT(t — 5))Un(t, 5)| + |AT (¢t — 5|
NUn(t,s) = Un(t,8)| +|T(t = s) = T(t — s)| V(% 5)]
+IT(t = s) = I| [Valt,s) = Valt, s)}

t—t t—s
< n —
< an1C {2M(t— E-s)"" <s —7
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hence (29) and (31) hold for n + 1; here we used (15) as

t—-1  t—1% E-1)/(E-s)
t—s t—t+t—s L1+(t—1t)/(F—s)

Slog(l-f—.t_t):gol (.t—t>,
t—s t—s
and Claim 4(ii).

(iil) For |Un+1(t, s)| we obtain

Uns1(t, )] < |Ke(rnsn)] {|T(s ) =Tt — 1) [Wa(s)]
HT(t = ) — 1| [Wa(t) = Wa(s)|

+/s(|AT<s—r) — AT(t - 7| Un(5,7)|
+ |AT(t — r)||Un(s,7) — Un(t,r)|) dr
+/ (IT(s = 7) = Tt — )| [V (5,7)|

+ [Tt —7r) = I||Va(s,7) — Va(t,7)]) dr}

5an+10"{(2M+1)¢1< >+2M/ s_tr)_:_r n(j::) dr
+(2M+1)/ <p1( — >(s—r) On— 1(3—:) df}
< oppr O™ 278 {@1 (s_7_> +/T (s—1) o1 (Z:i) ©n (:::) dT},

since

by (15). The transformation

now yields

hence by Claim 4(ii) we obtain (30) for n + 1.
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(iv) Similarly we get
|Un+l(tv S) - Un(ﬂ 5)'
< |Ke(mns1)l {IT(t —7) =T@E =) [Wa()| + T — 1) — I|[Wa(t) — Wa(

D)
+ /s(lAT(t ) = AT(E = 1)| |Un(E— )|
+|AT(t — )| |Un(t,7) — Un(t,r)|) dr
+/ (Tt = r) — T(E — )| |Val - 1)
+|T(t —7r) = I||Val(t,r) — Vu(t,7)|) dr}

t—t
< opy1C" {(2M + 1)1 <Z )

-7

° t—1t\ - 1 t—r
+ [ eM e (L) @0 ons (1) ar
< ant1

t—t N t—1t\ - \_1 t—r
(=) [ (=) eme (=) o)
with (¢—=1)/(t—r) < p1((t-%)/(—7)) by (15). The transformation r = 7+ (s—7)o
yields
s t_z - —1 Z_T
[ o) et (=)
_/1 at+l-o b do
“Jo “n o “i1lati-o)a+ri-o 7

where a = (t —s)/(s —7) and b= (t —1)/(s — 7). (15) and Claim 4(iv) imply

</1 b atl-0\ do <g/1 1-0 a  do
7= 0 atl—o'" o a+l-0~ P\ Jatl-ol-0

<§/1 1-0 a do t—t t—s
=3 OSOn pn L1 1-o 1-—0'—%—- Pn+1 s_1)°

and from this in turn (30) for n + 1 follows by Claim 4(ii). O
Returning to R,(t), Claim 5 yields the desired estimate.
CLAIM 6. For each n € N we have

(32) R Y N =

o 1—-o0

Cn+1

PROOF. (25), (28) and (29) yield by means of (20)

|Zn(t)|§(M+1)C"an{2 (t—s)" <t‘3> ds+1}

S—T

1 l1—0
gC"+1an{1+2/ son< )_g}
0 g o

and therefore integration over 71,...,7, implies (32). O
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(d) Thus it remains to derive estimates for the integrals over @, in (32). For
this purpose we consider the singular integral equation

(33) go(t)=log(1+t)+p/01¢<ls >10g< >¢is

Suppose p € C(R4,R) is a solution of (33) such that ¢(t) < cv/t. Then it is easy
to see by induction that ©(t) > 3¢ P ;(t) for each n € N, hence

Lol (i) - [ re () V< [ (5)5

Sc/ 5721 - 5)"Y2ds = e < o0,
0

i.e. with p = Cn we obtain
(34) IS1e(t)] <2C((1—p) P+ em)=M; <oo forallt>0, e>0

provided 7g is sufficiently small such that p < 1. This is the uniform estimate for
the Si£(t). Hence it remains to prove

CLAIM 7. Let p > 0 be sufficiently small. Then (33) has a solution ¢ €
C(R4,R,) such that

(35) o(t) < eyt fort >0, and some ¢ > 0.

PROOF. Let Z denote the Banach space of all functions ¢ € C(R4, R) such that
(35) holds, with norm |[[%|| = sup,>q [4(t)[t~1/2, and T: Z — Z the linear operator

o= [ v(y)es(1+1) 2 20

Since 1(t) = log(1 + t) belongs to Z, we only have to show that T:Z — Z is
bounded. For this purpose let ¥ € Z be fixed. Then we have

o< [ fo (r) log <1 L
<ol [ 5720 0g (144 s

(15) with 8 = 1/2 yields

1
/ s7Y2(1 - 5)"21og <1 + > ds < 2Vt s“l(l - )72 ds <4V2V1.
1/2

1/2

For t > 1/2, (15) with 3 = 1/4 yields
1/2 1/2
/ s7Y2(1 - s)"Y21log (1+§> ds§4{‘/f/ 87341 —s)"V2ds
0 0
1/2
< 4\/5\‘,‘/2/ s734ds < 16V2V1
0

since v/t < v/2v/t for t > 1/2 holds.
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For t < 1/2, (15) with 8 = 1 yields
1/2 t 1/2
/ sTV2(1—5)"Y2)og (1 + ;) ds < \/ft/ 5732 ds < 2V2V1,
t t
and with (15), 3 = 1/4 we finally get
¢
/ s7V2(1—s)" 1/210g<1+ >ds<4\/_\/-/ 573/ ds = 16v2V/t.
0

These estimates show that ||T%| < 38v/2||%||, i.e. T is bounded in Z. O
(e) It is now an easy task to derive estimates for |S.(t)| and |S.(t)A~}| from
(34). In fact,
SLt)AT! = S1c(t) + (Ke * Sie)(2).

Hence
ISLE) AT < [S1e(t)] + | Kepr - sup [Sie(r)] < My(1+ ).

Since

Se+Scx K, = SéA_l = S1c + K¢ * Si¢
holds, we get also
Sgglse(t)l < (1~ [Kelp) 7M1+ |Ke|£1) sup [Sie(t)]
t=>

< (147021 -n)""M,

note that all bounds are independent of £ > 0.
Summarizing we have
CLAIM 8. There is a constant M5 independent of ¢, such that

(36) 1Se(t)] + [S1e(t)]| + |SL(t)A™Y| < My for all t > 0.

(f) We are in position now to complete the proof of Step 2. Since |Sc(t)| < M,
its Laplace transform satisfies

(37) IL?S. ()] < My(ReA)~ 1) for ReA >0, n € Np,
where LT = (—1)"(n!)~1(d/d)\)". We have
SN -HW =0 -A-KN4)" - (- A-dENA)™
=5.\MA-A—dEANA- A+ A+ K. (\)A)H()

=5 ~eA) ' 5:(A) ~ DKW AH(),

since K, (\) = (I-eA)7! ()\)dK()\); as € — 0, the p;()) converge to 1, uniformly

on compact subsets of Re)\ > 0, and (I — €A)~'z — z for each z € X. Thus

Se(A)x — H(A)z as € — 0, for each fixed z € X, uniformly on compact subsets of

Re ) > 0; since S, (A\)z and H(A)z are both holomorphic for Re A > 0 this implies
also L%Sc(A\)z — LYH(\)z for each z € X and Re A > 0. Hence (37) yields

(38) ILYH(A\)| < My (Re )~ ™+D  for ReA >0, n € Np.

Now, since H()) is already known to be the Laplace transform of S €
LY(R4,B(X)), the Widder-Post formula (see [12, Theorem 6.3.5])

(39) S(t) = lim (%)Mrl neH (?) fora.a. t >0

n—o0
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shows that |S(t)| < M; for a.a. t > 0, i.e. S € L°(R4,B(X)). Similarly, one also
obtains S’A71,S; € L*°(R,B(X)). This completes the proof of Step 2. O
STEP 3. S(t) has the continuity properties asserted in Theorem 1.
PROOF. For z € D(A) we have

St)r =1+ / /() dr
0

Hence S(t)z is continuous for each z € D(A). Since D(A) is dense in X and S(t) is
uniformly bounded, this implies the continuity of S(t)z for each z € X. To prove
the strong continuity of S;(t) = AS(t)A~! we consider

o o]

Sle(t)=Z(AT*K "xT = ZR"E

n=0
again. Since we know already that the series is absolutely and uniformly convergent
wrt. t > 0 and € > 0, it suffices to show that each term R,.(t) is strongly
continuous, uniformly w.r.t. € > 0. This can be achieved by means of estimates
(28)—(31) proved in Step 2 of this proof. In fact, using the notations introduced
there, we observe first that

Z(t) — Zn(@) = /t t [AT(t — 8)Un(t, 8) ds + (T(t — s) — I)Vy(t, s)] ds

+ /t[(AT(t —8) — AT(t — 8))Un(1, s)
+ AT (t — 3)(Un(t, s) — Un(t,s))] ds
+/KTU—ﬁ—TG—ﬂWMZﬂ

+(T(t—s) = I)(Valt, s) = Va(?, s))lds
+ (Tt —7)-TE-))Wa(t) + (TE—71) - I)(Wa(t) - Walt))
for t >t > 7 implies by (28)—(31) and (13), as well as by Claim 4

P|Zy(t) = Za(®)| < (2M + 1), C" {/;(t_s)_l% <:_T) oo <tt_:>
f i () o
a0t (0 s (222) ds}

< CooanC™ons1 (g) . where Co > (2M + 1)(3+ (log 2) ™).

Therefore, we obtain by integration
Roclt) = Buc® = [ [ Za(0)dry - / [ Za@ -
D,

= /---/Zn(t)dn~--d7n+ /~~/(Zn(t)—Zn(f))drl---d'rn,
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where D, = {(r1,...,70):0 < 77 < ¢ — Z;-LH 75, J = 1,...,n}. Since Z,(t) is
bounded by C"*!a,, - C, for some C,, > Cjy this yields

|Rne(t) — Rne(?)] < C,C™H1 /.../an dry - - dr,
D\D;

o fontn ()
t—171
D-
+/---/and7'1---d7n

t—h
DA\D

t t—h

< Cncn+l {bn(t) - bn(z) + Pn+1 (t_h'§> b(oo)n + (bn(f) - bn(i_ h))} )
where by, (t) = (db)*™~1 xb(t). This estimate shows that R,.(t) is left-continuous in
B(X) and right-continuous in B(X) at each point of continuity of b, (¢), uniformly
w.r.t. € > 0. Since R, — R, in L'(R4,B(X)) this implies that R,(t) has the
same continuity properties and therefore S; (t) is left-continuous in B(X) and right-
continuous in B(X) at each point of continuity of the resolvent kernel r of b, i.e. of
the solution of r = b+ db x r, which belongs to BV(R, R ) too. Note that R, (t)
is B(X)-continuous at ¢t = 0. The relation

(40) S+(S—I)xdK =S, +dK (S, — I)

now implies that S(t) has the same continuity properties as Sy (t) in B(X), and so
(ii) and (iii) of Theorem 1 are proved.

It remains to show that S; (t) is strongly continuous from the right at the at most
countable many exceptional points. For this it suffices to show that (S — I) x df
is continuous for each f € BV(J, X); the left-hand side of (40) is then strongly
continuous on J, hence S; too. So let f € BV(J, X) be given and let

F(0) = £ + fo(t) = D fiho(t = 1) + fe(t)

denote its decomposition into jump part and continuous part; then

(@) (S—Dxdf(t) =D (St~ t:) = Dfi + fe(0) = felt) + (S * dfe)(®).
(2

Since S(t) is strongly continuous on R4 and ), |f;| < oo the first term on the
right-hand side of (41) is continuous, the second is so by definition, and the third
one also is. In fact, S(t) is B(X)-continuous except for the set N,, but the (vector-
valued) measure of N, induced by f, is zero, and from this continuity of S x df,
follows easily.

The proof is now complete. O

PROOF OF THEOREM 4. We have just seen that for f € BV(J, X) the function
V = (S = I) = df belongs to C(J,X). This shows that u = S x f belongs to
W1loo(J, X) and u/(t) = v(t) + f(t) + (S(t) — I)f(0), i.e. u'(t) — f(t) is continuous,



PARABOLIC VOLTERRA EQUATIONS 719

hence the asserted continuity properties of u’ follow. If L € BV, (R4, B(Y, X))
denotes the solution of L = K + dK * L the relation

u=A1u - f)—A"YdL+ (' - f)
finally shows u € C(J,Y), i.e. u is a solution of (1) in the sense of Definition 1. O

5. Examples and applications. (i) As a generalization of (2) we consider the
parabolic initial-boundary value problem of order 2m:
(42)

t
ut(t, ) = —A(z, D)u(t, z) +/ d.B(r,z,D)u(t — 7,z) + f(t,z), t>0, z €,
0

C;(z,D)u(t,z) =0, ze€d, j=1,...,m
u(0,z) = up(z), zel
Here 1 C RY denotes a bounded domain with smooth boundary 92,
A(z,D)= ) ax(z)D*
|k|<2m

a uniformly strongly elliptic differential operator of order 2m with smooth coeffi-

cients,
B(t,z, D) Z b (t,z)D
|k|<2m

an arbitrary differential operator of order 2m with bounded coefficients, and

Cj(z,D) = Z ckj(z)Dk, Jj=1,...,m, m; <2m—1,

|k|<m;

normal boundary operators with smooth coefficients, where we used the notation
D = (8/8z1,...,0/0zN), k = (ki,...,kn) € N&, |k| = ky + -+ + kn, DF =
((8/0z1)k,...,(0/0zN)kN).

Suppose the boundary value problem (A,{C;}T*, () is regular and the strong
complementary condition holds (see Friedman (7, §I1.19]). Then the operator A in
X = LP(Q), p € (1,00) defined by

D(A) = {u e W?™P(Q): C;(t,z,D)u =0, z€9Q, j=1,...,m}

and (Au)(z) = A(z,D)u(z) generates an analytic Cy semigroup in X. Let the
family {B(t)}+>0 be defined according to

(B(t)u)(z) = B(t,z, D)u(z) for u € D(B(t)) = W2™P(Q).
Then B(t) is closable and satisfies D(B(t)) D D(A) for each t > 0. If the coefficients
bx(t, z) of B(t,z, D) satisfy
|bk (¢, £) — bi (s, z)| < b(t) — b(s), ze, t>s,
for some b € BVjoc(R4) such that b(0) = b(0+) and b leftcontinuous, then Con-
dition (B) of §2 is satisfied; equivalently this means by € BVjoc(R4, L(12)) for
|k| < 2m.

Theorem 1 implies the existence of a resolvent operator for (42) in LP({) which
is also continuous in B(L¥(Q)) on (0,00) \ N,, and so in particular (42) is well
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posed in LP(1). By Theorems 2 and 4 the solution of (41) with up = 0 belongs to
C(R4,W2mP(Q))NCHR4, LP(1)) at least in case

f € Clsc (R4, LP(Q)) U [BV1oc (R4, LP()) N C(R4, LP(M))] U C(R 4, hy (1))
for some a € (0,1/p), since for these o we have

a _
D (22) = () = fu e LB ~2ul- + 1) = ()l — O

see Da Prato and Grisvard [4, §6]. The solution of (42) with f = 0 belongs to
C(Ry, LP()) in case up € LP(Q) and to C(R, W2™P(Q)) NW,L° (R4, LP()) if
ug € D(A)

(ii) In population dynamics the following system frequently occurs by lineariza-
tion; see e.g. Cushing [3].

n ot
wielt, 7) = dy Ay (t, ) + Z/ d,By(r, e, Dyu(t —r,z), 20, zeq,
1=1"9

Ouy
(43) £
u;(0, ) = ujo(z),
where ) C R" denotes a bounded domain again, A the Laplacian, d; > 0, v(z)
the outer normal at 91, and

(t,z) =0, t>0,z€9Q, 7=1,...,n,

N
0
10 k .
Bj(t,z,D) = bY(t,z) + kz_:l bﬂ(t,z)gx—k +bj(t,z)A

differential operators of at most second order.

It is known that the Laplacian with no flux boundary conditions generates an
analytic semigroup e®t in C(Q), where

D(A) = {u e W2NTL(): Au € C(0), Z—Z =0on 89} ;

see Stewart [17]. If we let X = C(Q) and A = diag(d;4,...,d,A) with D(A) =
D(A)™ then A generates the analytic semigroup e4t = diag(e®%:?, ..., e29t) in X.
Condition (B) is satisfied in case

b%, € BVioc(R4,C(Q1)) for0<j,l<n, 0<k<n,
bji € BVioc (R4, C(Q)), b;1(0,z) = b;;(0+,z) =0,

holds. Theorem 1 then implies existence of a resolvent operator for (43) in X =
C(Q)", hence (43) is well posed in this space.

It should be noted that here we cannot admit Bj; to be any second order operator
with coefficients in BV o (R4, C(Q2)) since the domain relation D(B(t)) D D(A)
will in general not be fulfilled, as D(A) 2 {u € C?(2): 0u/dv = 0 on AN}. This is
one of the pitfalls when working in the space of continuous functions.

(iii) Example (ii) can be used to illustrate the remark following Theorem 1. For
this purpose let n = 1, b%;, = 0 and b;;(t,z) = b(z)ho(t — 1) with b(z) continuous;
for t € (1,2] the resolvent S(t) then is given by

(44)

¢
S(t) = eAt +/ e2t=9)p(z)AeP 1 ds.

1
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Hence, if we let ug(z) denote the solution of the Neumann problem
Apo = 11in Q, duo/dv = 0 on 81, then AS(t)uo(z) = 1+ e~ Vb(z) — b(z)
which is as regular as b(z). In particular, S’(t)uo, AS(t)uo ¢ Yo for any a € (0,1)

if b

10.

11.

12.

13.

14.

15.
16.

17.

18.

19

(z) is only continuous.
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